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Abstract 
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1. Introduction 



The present paper is devoted to a complete description of derivations on 
the algebra of r-measurable operators L{M, r) affiliated with a type I 
von Neumann algebra M and a normal faithful semi-finite trace r. 

Given a (complex) algebra A, a linear operator D : A ^ A is called a 
derivation if D{xy) = D{x)y+xD{y) for all x^y G A. Each element a G A 
generates a derivation Da : A ^ A defined as Da{x) = ax — xa, x G A. 
Such derivations are called inner derivations. 

It is well known that all derivation on a von Neumann algebra are inner 
and therefore are norm continuous. But the properties of derivations on 
the unbounded operator algebra L(M, r) seem to be very far from being 
similar. Indeed, the results of [2] and [Sj show that in the commutative 
case where M = L°°(il, E, /i), with (il,E,/i) any non atomic measure 
space with a finite measure n, the algebra L{M,r) = L^{Q,Ti,ii) of all 
complex measurable functions on (Q, E, fi) admits non zero derivations. 
It is clear that these derivations are discontinuous in the measure topol- 
ogy (i. e. the topology of convergence in measure), and thus are non 
inner. It seems that the existence of such pathological examples deeply 
depends on the commutativity of the underlying algebra M. Indeed, the 
main result of our previous paper [T] states that if M is a type I von Neu- 
mann algebra, then any derivation D on L{M^ r), which is identically zero 
on the center Z of the von Neumann algebra M (i.e. D is Z- linear), is 
inner, i.e. D( for an appropriate element a G L{M, r). 

In the mentioned paper [Hj we have also constructed an example of 
a non inner derivation on the algebra L(M, r), where M is a homo- 
geneous type In algebra L°°(Q, /i)(g)M„(C). In this case L{M,r) coin- 
cides with the algebra Mn{L^) of all n x n matrices over the algebra 

= L^{Q,'E, fi). Namely, given any non zero derivation 5 : ^ LP 
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and a matrix (Ajj)^^-^;^ G Mn{L^), Xij G L^,i,j = 1,^, put 

Dsii\j)lj=i) = (^(A.,)-,=i). (1) 

Then it is clear that Ds defines a derivation on Mn{L^), which coincides 
with S on the center of Mn{L^). 

In the present paper we prove that for type I von Neumann algebras 
the above construction (1) gives the general form of the pathological 
derivations and these only exist in type I fin cases, while for type /qo 
von Neumann algebras M all derivation on L{M, r) are inner. Moreover 
we prove that an arbitrary derivation D on L[M, r) for a type I von 
Neumann algebra M, can be uniquely decomposed into the sum Da + Ds 
where the derivation Da is inner and the derivation Ds is of the form 
(1). In such a decomposition 6 is defined uniquely, and the element a is 
unique up to a central summand. 

2. Preliminaries 

Let (ri, E, //) be a measurable space and suppose that the measure 
/J, has the direct sum property, i. e. there is a family {Qiji^j C S, 
< < oo, i e J, such that for any A £ H, n{A) < oo, there exist 

a countable subset Jq C J and a set B with zero measure such that 

A= [j{Anni)UB. 

ieJo 

We denote by L° = L^{Q, S, n) the algebra of all (equivalence classes 
of) complex measurable functions on (Q, E, fi) equipped with the topol- 
ogy of convergence in measure. Then is a complete metrizable com- 
mutative regular algebra with the unit 1 given by l(a;) = 1, u £ Q,. 

Recall that a net {Xa} in (o)-converges to A G if there exists a 
net {^a} monotone decreasing to zero such that |Ao, — A| < for all a. 

Denote by V the complete Boolean algebra of all idempotents from L^, 
i. e. V = {xa : a G S}, where xa is the element from which contains 
the characteristic function of the set A. A partition of the unit in V is a 
family (tTc^) of orthogonal idempotents from V such that ^tTq, = 1. 

a 
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A complex linear space E is said to be normed by L if there is a 
map II • II : E" — > such that for any x, ?/ G A G C, the following 
conditions are fulfilled: 

1) ||x|| > 0; ||x|| = X = 0; 

2) ||Ax|| = |A|||x||; 

3) ||a: + y\\ < \\x\\ + \\y\\. 

The pair (E, \\ ■ ||) is called a lattice-normed space over L^. A lattice- 
normed space E is called (/-decomposable, if for any x E E with ||x|| = 
A1 + A2, Ai, A2 G L^, A1A2 = 0, there exist xi, X2 E E such that x = X1+X2 
and ll^ill = Xi^ i = 1,2. A net {xa) in E is said to be (60) -convergent 
to X E E, if the net {\\xa — x\\} (o)-converges to zero in L^. A lattice- 
normed space E which is d-decomposable and complete with respect to 
the (60) -convergence is called a Banach-Kantorovich space. 

It is known that every Banach-Kantorovich space E over is a mod- 
ule over and ||Aa:|| = |A|||x|| for all A G L^, x E E (see 

Let E" be a Banach-Kantorovich space over LO. If {ua)aeA is a net in E 
and {7Ta)aeA is a partition of the unit in V, then the series Yl '^aUa {bo)- 



converges in E and its sum is called the mixing of {ua)aeA with respect 
to {7Ta)aeA- Wc dcuotc this sum by mix{7TaUa)- A subset K C E is called 
cyclic, if mix{7raUa) G K for each net {ua)aeA C K and for any partition 
of the unit {7ra)aeA in V. 

Let be a cyclic set. We say that a map T : K ^ K commutes with 
the mixing operation, if 



for all {xa) C and any partition {tTq,} of the unit in V. 

Let /C be a module over L^. A map (•,•) : /C x /C ^ is called 
an L^-valued inner product, if for all x,y, z E JC, X E V'\ the following 
conditions are fulfilled: 



a 




a 



a 



1) (x, > 0; {x,x) = <^ X = 0; 



4 



2) {x,y) = {y,x); 

3) {Xx,y) = X{x,y); 

4) {x + y,z) = {x,z) + {y,z). 

If (•,•) : )C X JC is an L^- valued inner product, then = 

^/(x~E) defines an L^-valued norm on /C. The pair {JC, (•, •)) is called a 
Kaplansky- Hubert module over L^, if (/C, || • ||) is a Banach-Kantorovich 
space over (see [5J). 

Let X be a Banach space. A map s : H ^ X is said to be simple, 

n 

if s(a;) = XAk{^)ck, where Ak G S,^^ n Aj = ^ Ck e X, k = 
k=i 

l,n, n G N. A map u : Q ^ X is said to be measurable, if there is 
a sequence (s„) of simple maps such that ||sn('^) — ~^ almost 

everywhere on any A with /j.{A) < oo. 

Let jC{Q,X) be the set of all measurable maps from Q into X, and 
let L^{n,X) denote the space of all equivalence classes with respect 
to the equality almost everywhere. Denote by u the equivalence class 
from L^{Q,X) which contains the measurable map u G jC{Q,X). Fur- 
ther we shall identify the element u G jC{Q, X) and the class u. Note 
that the function to \\u{lo)\\ is measurable for any u G jC{Q,X). The 
equivalence class containing the function is denoted by \\u\\. For 

w, -0 G L'^{Q, X), A G put u + V = u{uj) + v{uj), \u = \{uj)u{uj). 

It is known [3] that (L^(Q,X), || • ||) is a Banach-Kantorovich space 
over LP. 

Put L°°(n,X) = {x G L0(Q,X) : G L°°(n)}. Then L°°(Q,X) is a 
Banach space with respect to the norm ||a:||oo = || ll^^ll ||L°°(f7)- 

If i7 is a Hilbert space, then L^{Q,H) can be equipped with an L^- 
valued inner product {x,y) = {x{io),y{io)), where (•, •) is the inner prod- 
uct on H. 

Then (L*^(il, iif), (•, •)) is a Kaplansky-Hilbert module over L^. 
Let E" be a Banach-Kantorovich space over L^. An operator T : E ^ 
E is L'^-linear if r(AiXi + \2X2) = Air(a:i) + X2T{x2) for all Ai,A2 G 
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L , xi, X2 G E. An L -linear operator T : E ^ E is L -bounded if there 
exists an element c ^ LP such that ||r(a:)|| < c||x|| for any x G E. For an 
L^-bounded L°-linear operator T we put ||r|| = sup{||r(a:)|| : ||x|| < 1}. 

Let B{H) be the algebra of all bounded linear operators on a Hilbert 
space H and let M be a von Neumann algebra in B{H) with a faithful 
normal semi-finite trace r. Denote by V{M) the lattice of projections in 
M. 

A linear subspace P in i7 is said to be affiliated with M (denoted as 
T)r]M), if u{T)) C T) for any unitary operator u from the commutant 

M' = {y e B{H) : xy = yx, \/x G M} 

of the algebra M. 

A linear operator x on H with the domain T>{x) is said to be affiliated 
with M (denoted as xr]M) if u{V{x)) C V(x) and ux{^) = xu{^) for all 
ue M', V{x). 

A linear subspace V in H is called r-dense, if 

1) Vt]M] 

2) given any e > there exists a projection p G V{M) such that 
p{H) C V and r{p^) < e. 

A closed linear operator x is said to be r-measurable (or totally mea- 
surable) with respect to the von Neumann algebra M, if xijM and T>{x) 
is r-dense in H. 

Denote by L(M, r) the set of all r-measurable operators with respect 
to M. Let II • \ \m stand for the uniform norm in M. The measure topology, 
tr in L{M, r) is the one given by the following system of neighborhoods 
of zero: 

V{£,6) = {x e L{M,t) : 3e G 7^(M),r(e^) < (5,xe G M, ||xe||Af < e}, 

where e > 0, ^ > 0. 

It is known [7] that L(M, r) equipped with the measure topology is a 
complete metrizable topological *-algebra. 
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Let L°^{Q, fi)^B{H) be the tensor product of von the Neumann al- 
gebras L°°{Q, fi) and B{H), with the trace r = fi <S) Tr, where Tr is the 
canonical trace for operators in B{H) (with its natural domain). 

Denote by L^{Q, B{H)) the space of equivalence classes of point-wise 
Bochner measurable operator- valued maps from into B{H) (see [8j). 

Given w, -u G L^{Q, B{H)) put uv = u{u)v{(jj)^ u* = u{u)*. 

Define 

L^{n,B{H)) = {xe L^t{n,B{H)) : ||x|| G L°°{Q)}. 

The space {L'^{Q, B{H)), \\ ■ \\oo) is a Banach *-algebra. 

It is known [S] that the algebra L°°{Q, ii)^B{H) is *-isomorphic with 
the algebra L^{n,B{H)). 

Note also that 

r(.x) = /rr(..H)d,,M. 

n 

Further we shall identify the algebra L^{Q, ^)®B{H) with the algebra 
L-(n,5(//)). 

Denote by B{L^{U, H)) the algebra of all L^-linear and L^-bounded 
operators on L^{Q,H). 

Given any / G L^{Q,B{H)) consider the element ^'(/) from 
B{L%n,H)) defined by 

^{f){x) = f{[J){!^u)l xeL\n,H). 

Then the correspondence / ^(/) gives an isometric ^-isomorphism 
between the algebras L%n,B{H)) and B{L%n,H)) (see [5]). 

It is known P, that the algebra L{L^{Q, fi)0B{H),T) of all r- 
measurable operators with respect to L°^{Q, ii)0B{H) is *-isomorphic 
with the algebra L^{n, B{H)). 

Therefore one has the following relations for the algebras mentioned 
above: 

L{L^{n)^B{H)),r) = L?(Q, B{H)) ^ B{L\n, H)) (2) 
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(= standing for *-isomorphic). 

The above isomorphisms enable us to obtain the following necessary 
and sufficient condition for a derivation on the algebra r) to be 

inner. 

Theorem 2.1 [Ij. Let M be a type I von Neumann algebra with the 
center Z. A derivation D on the algebra L{M, r) is inner if and only if 
it is Z-linear, or equivalently, it is identically zero on Z. 

3. Main results 

Let A be an algebra with the center Z and let D : ^4 ^ ^4 be a 
derivation. Given any x E A and a central element z E Z we have 

D{zx) = D{z)x + zD{x) 

and 

D{xz) = D{x)z + xD{z). 

Since zx = xz and zD{x) = D{x)z, it follows that D{z)x = xD{z) for 
any x E A. This means that D{z) E Z, i.e. D{Z) C Z. Therefore given 
any derivation D on the algebra A we can consider it restriction 6 onto 
the center Z : 

5: z^ D{z), zEZ. 

This simple but important remark is crucial in our further considera- 
tions. 

Let Af be a homogeneous von Neumann algebra of type L Then [H] 
M is isomorphic to the tensor product L°°{Q)^B{H). 

First, let us consider the case dimH = n < oo. In this case B(H) 
coincides with the algebra of M„(C) of n x n complex matrices, and from 
(2) we have that L{M,r) = B{L^{Q, H)) is isomorphic with the algebra 
Mn{LP) of all n X n matrices over the algebra L^. 

In the papers [2], [Ij the existence of non zero derivations on has 
been prove the in the case of a non atomic measure space (Q, S, ^u). Given 
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any derivation 5 : ^ L consider the elementwise derivation Ds on 
M„(L0) defined as (1): 

where G 

A straightforward calculation shows that is indeed a derivation on 

Mn{L^) and its restriction onto the center of Mn{LP) coincides with 5 
(recall that the center of Mn{L^) is isomorphic with L^). 

Lemma 3.1. Any derivation D on the algebra Mn[L^) admits a 
unique decomposition 

D = Da + Ds, 

where Da is an inner derivation and Ds is a derivation of the form (1). 

Proof. Given a derivation D on M„(L^), consider its restriction 6 onto 
the center Z = and extend it to the whole Mn{L^) by the form (1) as 
Ds. Put Di = D — Ds- Then given any z ^ Z we have 

Di{z) = D{z) - Ds{z) = D{z) - D{z) = 0, 

i.e. Di is identically zero on Z and therefore it is Z-linear. Theorem 2.1 
implies that Di is inner, i.e. Di = Da for an appropriate a G Mn{L^). 
Therefore D = Da + Ds. 
Now suppose that 

D = Da,^Ds, = Da,^Ds,. 

Then Da^ — Da^ = Ds^ — D^^. Since Da^ — Da^ is identically zero on the 
center of Mn{L^), then Ds^ — Ds^ also is identically zero on the center of 
Mn{L^). Thus 6i = 62 and hence Da^ = Da^- The proof is complete. ■ 

In order to consider the case of homogeneous type I von Neumann 
algebra L'^{Q)®B{H) with dimi7 = cxd, we need some auxiliary results. 

Lemma 3.2. Any derivation 6 on the algebra commutes with the 
mixing operation on nets in L^. 
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Proof. Consider a net {Xa} in L'^ and a partition of the unit {tTq,} in 
V C L^. Since 6{7t) = for any idempotent tt G V, we have 6{7Ta) = 
for all a and thus 6{7TaX) = 7TaS{X) for any A G L^. Therefore for each 
TTctQ from the given partition of the unit we have 

^ao^i^^aXa) = ^(tTco ^ T^a A^) = ^{TTaoXao) = 7^aaS{Xao). 

a a 

By taking the sum over all ao we obtain 

S(^7raXa) = y^^7ra5{Xa). 

a a 

The proof is complete. ■ 

Lemma 3.3. Given any non trivial derivation 6 : L*^ ^ there exist 
a sequence {Xn}'^=i in with |A„| < 1, n G N, and an idempotent 
TT G V, TT 7^ such that 

\SiXn)\>n7r 

for all n G N. 

Proof. Suppose that the set {(5(A) : A G L^, \X\ < 1} is order bounded 
in L*^. Then 6 maps any uniformly convergent sequence in L°°(Q) to an 
(o)-convergent sequence in L^. The algebra L°°{Q) coincides with the 
uniform closure of the linear span of idempotents from V. Since 6 is 
identically zero on V it follows that ^ = on L°°(Q). Since 6 commutes 
with the mixing operation and any element A G can be represented as 
A = '^TTaXa: whcrc {Aq,} C L°°(r2,/i), and {tTq,} is a partition of unit in 

a 

V, we have 6{X) = 6(^7TaXa) = ^7TaS{Xa) = 0, i.e. ^ = on L^. This 

a a 

contradiction shows that the set {^(A) : A G L^, \X\ < 1} is not order 
bounded in L^. Further, since 6 commutes with the mixing operations 
and the set {A : A G L^, \X\ < 1} is cyclic, the set {(5(A) : A G L^, |A| < 1} 
is also cychc. By P, Proposition 3] there exist a sequence {Xn}'^=i in 
and an idempotent tt G V, tt 7^ 0, such that |(5(A„)| > nir, n G N. The 
proof is complete. ■ 

10 



Now we are in position to consider derivations on measurable operators 
for homogeneous von Neumann algebras of type Iqo- 

Theorem 3.4. If dim H = oo, then any derivation on the algebra 
L{L°^{n)^B{H),T) IS inner. 

Proof. First let us suppose that H is separable and let {(/?n}^i be an 
orthonormal basis in H. Given any n G N put e„ = 1 (8) i.e. e„ is 
the equivalence class in L°(n, H) which contains the constant mapping 

Then {e„}^^ is a V-orthonormal basis in L'^(r2, if), i.e. (e^, e^ = 
where 8ij is the Kronecker symbol, and any element ^ G -L^(ri, if) has 
the form 

00 

k=l 

oo 

where ak G L^, J2 lo^fcP ^ 

fc=i 

For each n G N consider the orthogonal projection pn onto the sub- 
module {aen : a G C if), i.e. 

oo 
k=l 

For any order bounded sequence A = {Xk} in L'^ define an operator 
XA on B{L^{n, H)) putting 

00 00 

XAi^ak^k) = Afcgfcefc- 
fc=i fc=i 

Then 

a^APn = Pn^^A = KPn- (3) 

Let be a derivation on B{L'^{U, H)), and let 6 be its restriction onto 
the center of B{L^{n, H)), identified with L^. 
Take any A G and n G N. From the identity 



D{\pr:)=D{\)pn + XD{pr^) 
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multiplying by Pn on both sides we obtain 

PnD{Xpn)Pn = PnD{X)pn + \pnD{pn)Pn- 

Since p„ is a projection, one has that pnD{pn)Pn = 0, and since D{X) = 
6{X) e Z, we have 

PnD{Xpn)Pn = 5{\)pn. (4) 

Now from the identity 

in view of (3) one has similarly 

PnD{\nPn)Pn = PnD{xA)pn + \pnD{pn)Pn, 

i.e. 

PnD{\nPn)Pn = PnD{xK)Pn- (5) 

Now (4) and (5) imply 

PnD{xK)Pn = ^{K)Pn- 

Further we have 

\\PnD{xA)pn\\ < ||pn||||^(2:A)|||bn|| = ||^(a^A)|| 

and 

\\SiXn)Pn\\ = |^(An)|- 

Therefore 

\\D{xa)\\ > \S{Xr,)\ 

for any bounded sequence A = {A„} in 

If we suppose that 6 then by Lemma 3.3 there exist a bounded 
sequence A = {A„} in L° and an idempotent tt G V, tt 7^ 0, such that 

|^(An)| >n7r 

for any n G N. Thus 

\\DixA)\\ >n7r 
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for all n G N, i.e. tt = - which is a contradiction. Therefore ^ = 0, i.e. 
D is identically zero on the center of B{L^{Q, H)). By Theorem 2.1 D is 
inner. 

Now suppose that H is not necessarily separable and take a projection 
p in B[H) such that p{H) is a separable infinite dimensional Hilbert 
space. Put e = 1 ® p. Define a derivation on eB{L^{Q, H))e by 
putting 

Deix) = eD{x)e, x G eB{L%n, H))e. 

Since the algebra eB{L^{Q, H))e is isomorphic with B{L^{Q,p{H))) we 
have from the above separable case that is zero on the center of 
eB{L^{n, H))e = L^e. Therefore one has = eD{Xe)e = eD{X)e + 
XeD{e)e = eD{X)e = D{X)e, i.e. D{X) = for all A G L^. Thus D is 
identically zero on the center oiB{L^{Vt, H)). By Theorem 2.1 D IS mner. 
The proof is complete. ■ 

Now let us consider the general case of type I von Neumann algebras. 

Recall that a von Neumann algebra M is of type I if it is isomorphic 
to a von Neumann algebra with an abelian commutant, or, equivalently 
M admits a faithful abelian projection. 

It is well-known [H] that if M is a type I von Neumann algebra then 
there is a unique (cardinal-indexed) orthogonal family of projections 
{Qa)aei C V{M) with ^ Qa = ^ such that QaM is a homogeneous type 

la von Neumann algebra and it is isomorphic to the tensor product of an 
abelian von Neumann algebra L°°(Qq,, /ia) and B{Ha) with dim i^Q, = a, 
i. e. 

e 

M^Y,L°°{na,fia)^B{Ha). 

a 

Consider the faithful normal semi-finite trace r on M, defined by 

'^(^) = ^^a{Xa), X = {Xa) G M, X > 0, 
a 

where Ta = lia® Tr^. 

13 



Let 



[]L(L°°(n,,/i,)05(//,),r«) 

a 

be the topological (Tychonoff) product of the spaces L^L'^iQaj l^a)^B{Ha), To) 
equipped with corresponding measure topologies. 
Then (see [i6j) we have the topological embedding 

L{M,r) C l[L{L°°{na,fia)^B{H^),Ta). 

a 

It should be noted that the above topological imbedding is strict in 
general (see P). 

Now let 6 he a derivation on the center Z of L{M,r). Since q^Z = 
L^{Qa) for each a, and 6 maps each q^Z into qaZ, it follows that 6 induces 
a derivation 6a on each L^{Qa)- 

Put F = {a ^ I : dim Ha = a < oo}. Let Ds^ (a G F) be the 
derivation on the matrix algebra qaL{M,r) = Ma{L^{^a)) constructed 
by formula (1). For a G / \ F put Ds^ = 0. Now define a derivation Ds 
on L(M, r) by putting 

Ds{x) = {DsSxa)). X = {xa) G L(M, r). (6) 

From Lemma 3.1 and Theorem 3.4 we obtain the following main result 
of the paper. 

Theorem 3.5. Let M be a type I von Neumann algebra. Any deriva- 
tion D on the algebra L{M, r) can be decomposed in a unique way as 

D = Da + Ds, 

where Da is an inner derivation and Ds is a derivation of the form (6). 

Corollary 3.6. Let M be a von Neumann algebra of type loo- Then 
any derivation on the algebra L{M,t) is inner. 
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